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Abstract In this paper, by making use of Duan’s topological current theory, the branch
process of Chern-Simons (CS) p-branes is discussed in detail. Chern-Simons (CS) p-branes
are found generating or annihilating at the limit points and encountering, splitting, or merg-
ing at the bifurcation points and higher degenerated points systematically of the vector order
parameter field 43()6). Furthermore, it is also shown that CS p-branes are found splitting or
merging at the degenerate point of field function q3 but the total topological charges of the
CS p-branes are still unchanged.

Keywords Topological tensor current - Chern-Simons p-branes - Branch theory -
High-dimensional topological defect

1 Introduction

Chern-Simons (CS) p-branes [1], which are the extended objects with p spatial dimensions
in higher dimensional CS theories, play an essential role in revealing the nonperturbative
structure of the modern string theories and M -theories [2—6] and so that receive much atten-
tion [7]. Just like ordinary quantum field theory can be embedded in string theory, topologi-
cal Chern-Simons theory can be realized in topological open string theory [8]. CS p-branes
may be considered as a straightforward generalization of the (2 + 1)-dimensional Abelian
CS vortices. Over the last decade a great deal of work on the (2+ 1)-dimensional Abelian CS
theory has been done [9, 10]. More recently, there has been a particular wide interest in the
higher dimensional CS theories with gauge group SO2N + 1, 1) or SO2N, 1) in 2N + 1)
dimensions because they determine gravitational theories [11]. Higher dimensional gauge
theory of CS p-branes in the phase-space is constructed in a Hamilton gauge similar to the
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ordinary W-gravity [1], and the global CS (2N — 1)-form leads to the conservation law of a
modified Noether current [12].

In resent years, CS p-branes have also been proven to be topological defects in gauge
theory [13—-15]. Antisymmetric tensor gauge fields determine all of the features of a p-brane
and have been widely studied in the theory of p-brane [14, 16-20]. For example, in
[14, 20-24], from the perspective of a higher dimensional theory, the topological theories
of p-branes in M-theory were studied. Ren et al. [6] found that the topological p-branes
are created at every isolated zero of order parameter field J) Some physicists have noticed
[25, 26] that the topological defects [27, 28] are closely related to the spontaneously broken
O (M) symmetry group to O(m — 1) by m-component order parameter field 5 And O(M)
symmetry vector field theories are a class of models describing the critical behavior of a
great variety of important physical systems [29-32], including CS p-branes. For instance,
Zhao et al. [33] proposed the detailed topological theory of CS p-branes by making use of
Duan’s topological current theory and pointed out that the topological charges of the CS
p-branes are the Winding numbers which determined by the Brouwer degrees and Hopf in-
dices of the ¢-mapping. The purpose of this paper is to investigate the origin and bifurcation
theory of the CS p-branes, which can be regarded as a continuous study following the works
done by Zhao et al.

In this paper, in light of Duan’s topological current theory [34, 35], a useful method,
which plays an important role in studying the topological invariants [36, 37] and the topo-
logical structures [39-43, 45, 46] of CS p-branes, will study branch process [44] of CS
p-branes. We display that the CS p-branes are generated from the zero points of the or-
der parameter field (5, and their topological charges are quantized in term of the Brouwer
degrees and Hopf indices of ¢-mapping under the condition that the zero points of field (Z
are regular points. While at the critical points of the order parameter field $ i.e., the limit
points and bifurcation points, there exist branch processes, the topological current of defect
bifurcates and the CS p-branes split or merge at such points, which mean that CS p-branes
are unstable at these points.

2 Topological Tensor Current of CS p-Branes and its Inner Topological Structure

It is well known that the d-component vector order parameter field %(x) = (@' (x),...,
¢?(x)) determines the properties of the topological defect system. It can be looked upon
as a smooth mapping between a D (odd)-dimensional smooth manifold X (with a metric
tensor g, and local coordinates x*(u,v =0,..., D — 1) with x% =t being time) and an
Euclidean space R? of dimensional d < D as ¢ : X — R, which gives a d-dimensional
smooth vector field on X

¢ =9¢"(x), a=1,2,...,d. ey

From (1), one can express the direction unit field of the d-component vector order parameter
field ¢(x) as

= % Il = V¢, n“n® =1. @

It is obvious in the language of differential topology that n“ is a section of the sphere bundle
S(X) and it can be also looked upon as a map of X onto an (d — 1)-dimensional unit
sphere S9! in order parameter space. We can see clearly that the zero points of the vector

N
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order parameter field %(x) are just the singular points of the unit vector n“(x), at which the
direction is indefinite.

According to above discussion, in the context of the SO(N) non-Abelian CS theory, by
analogy with the discussion in previous work [33], one can deduce a topological tensor
current for CS p-branes from the ‘electric’ source as follows:

-t = 1 Epr - W(D—d) (D—d+1) D
A(STN)(d - D(d -2) —8x
a a,
X €qyay-ag_1yaq 8H(D—d+l)n e 'al‘an e (3)
d
21 2

In this expression, A(S9™!) = is the surface area of (d — 1)-dimensional unit sphere

rd)
S9! and g, = det(g,,) is the determinant of the metric tensor g,,, .

It is easy to see that j*!"*®-a) is completely antisymmetric and identically conserved,
i.e.,

Vv, jlro-d =0, i=1,...,D —d. @)

Therefore, we call the tensor j#!"*®-d the (D — d)th-order topological tensor current.

In the following, using Duan’s topological current theory, the intrinsic structure of the
generalized topological current j*1*( -4 will be investigated. From (2), we can obtain
generalized functions as the following:

9 na_ia o°+ ¢ (L) 9 (L)__ﬂ 3)
el ™ “\loll )’ ap \ gl ) Nl

Due to these expressions the generalized topological current (3) can be rewritten as

1 1
AT (d — DI —2) J—g5

a a a d 9 —1
X Opuipasny " Oupasn)®7 - Bup @™ d¢* I« <||¢||d_2). ©

JrTRo-a) = g1 I(D—d) (D—d+1) "D

Defining a generalized Jacobian tensor

aj-ag Iy R(p— ¢ — oM (D—d) M (D— D a1 a2 4
€ J ¢ d><;>_8 (PrfD=drh aH(D—d+1)¢ al’-(D—d+2)¢ e upd™s (1)

and by making use of the generalized Laplacian Green function relation in ¢-space

(i) = 4t
3¢ 9¢e \ ll¢l1“-2) (4 —1)

we do get the §-function structure of the topological current rigorously

. 1 ¢>
K1 IW(D—d) — S(p)JH1Hp-a) [ Z ). 9
/ (\/—_gx ) @) (x ©

One can find that this expression involves the total defect information of the system and
indicates that all the defects are located at the zero points of the order parameter field ¢(x),

8(¢), ®)
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ie., jrrHo-d £ (0 only when ¢ = 0, which is just the singularity of j*!"#®-d_ In other
words, the topological tensor current does not vanish only at the zero points of the vector
field. In detail, the kernel of the ¢-mapping is the singularity of the topological tensor cur-
rent j#*1*®0-d in the odd-dimensional smooth manifold X, i.e., the zeros of ¢-mapping
labels the inner structure of the topological tensor current. This is the essential of Duan’s
topological current theory.

Suppose that the vector field <Z(x) possesses [ isolated zeros, according to the implicit
function theorem, when the zeros are regular points of ¢-mapping, i.e., the rank of the
Jacobian matrix [d,¢“] is d, the solutions of q;(x) = 0 can be parameterized by

=t et uPTYy, =1, (10)
where the subscript i represents the ith solution and the parameters u’(I =1,..., D —d)
span a (D — d)-dimensional submanifold, with the metric tensor g;; = gw(gxul; )(gﬁ; ) de-

noted by N;, which corresponds to CS p-brane (p = D — d — 1) with spatial p-dimension
and (D — d)-dimensional singular submanifold N; is its world volume. When u' and
= >, ...,uP D) are taken to be the time-like evolution parameter and space-like po-
sition parameter, respectively, the inner structure of j#i1**®-4 represents [ (D —d — 1)-
dimensional topological defects moving in X.

Clearly, the tensor current j#!"**(-4 does not vanish only on the world volume man-
ifolds N; (i =1,...,1), each of which corresponds to an ‘electric’ CS p-brane. There-
fore, sometimes, the CS p-brane may be considered as topological defects, and the vector
field 43" (x) (a=1,...,d) may be looked upon as the generalized order parameter for CS
p-branes.

As we have proven in [47], for all the (D — d)-dimensional singular submanifolds N;,
a common d-dimensional normal submanifold M; exists in X with D —d +d = D and M;
is spanned by the parameters v* with the parameter equation

xt=xt0, v, w=1,...,D, (11)
and the metric tensor g4 = gw(gig )(gj;) (A,B=1,...,d). The intersection points of M;

and N; are denoted by p; (i = 1,...,1) which can be expressed parametrically by v* = p}.
In differential topology, it is said that M; is transversal to N; at p;, i.e.

Tpi(X)=Tpi(Mi)+Tpi(Ni)v (12)

where T),, (X), T,, (M;) and T, (N;) are the tangent space of X, M; and N; at p;, respectively.

In the following, we will investigated the inner topological structure of CS p-branes. As
pointed out in [48], the generalized winding number W; of n“ at p; can be defined by the
Gauss map n: dM; — S9!

1

_ * a a . a,
W= aGEa— /aM,." (Eayagn™ dn® A -+ Adn®), (13)

where 9 M; is the boundary of the neighborhood M; of p; with p; ¢ 0M;, OM; NOM; =0
and n* is the pull-back of n. The generalized winding number is a topological invariant and
also called the degree of Gauss map. It means that, when the point v covers d M; once, the
unit vector n¢ will cover a region n[dM;], whose area is A(S9~!), W; times, i.e., the unit
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vector v will cover the unit sphere S4=1 W; times. Using the Stokes’ theorem in exterior
differential form and duplicating the above process, we obtain the compact form of W;,

w; :/ 5(¢(u))1<f>ddu. (14)
M; v

According to the §-function theory, the §-function é(¢) can be expanded by
l
8() =) _cis(N), (15)
i=1

where the coefficients ¢; must be positive, i.e., ¢; = |¢;|. §(N;) is the -function in space-time
X on a submanifold N;,

1
S(N;) = / 5 (% — 2" ... DY) mgd . (16)
N; V —8&x ( )

where g, = det(g;;). Substituting (15) into (14), and calculating the integral, with positivity
of ¢; adopted, the coefficient ¢; becomes

Q:ﬂuggv:mmj—&, (17
|J(;)p,| ‘](;)p,

where B; = |W;| is a positive integer called the Hopf index of Duan’s topological current
theory on M; and n; = sgnJ (%) p; = £1 is the Brouwer degree. Substituting the expression
of ¢; and (15) into (9), we gain the total expansion of the rank-(D — d) topological current,

I Bini/—8v <¢>
W1 I(D—d) — 5(N ) JH D) (18)
g N=n Zl I, x

From the above equation, we conclude that the total expansion of §(x), which includes the
topological information about §; and 7;, labels the inner structure of j*1#®-a In (18), it
just represents [ CS p-branes with topological charges g; = W; = B;n;, which is just Wind-
ing number, moving in the D-dimensional spacetime manifold X. The (D — d)-dimensional
singular submanifolds N;(i =1, ...,[) are their world sheets in the space-time.

3 The Branch Processes of CS p-Branes

With the discussion mentioned above, the results in the above section are obtained straightly
from the topological viewpoint under the condition J (%) # 0, i.e., at the regular points of
the order parameter field qg However, when the condition fails, the usual implicit function
theorem [49] is of no use. The above discussion will change in some way and lead to the
branch process.

In this section, we will discuss the branch processes of CS p-branes. In order to simplify
our study, we select u' as the time-like evolution parameter ¢, and let the space-like para-
meter u' =o' (I =2,..., D —d) to be fixed, i.e., just select one point of CS p-branes to
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study. In this case, the Jacobian matrices j*1H(-d) (%) are reduced to

AT (f) _ JA(?>’ JABI]---Il)fd—2<f> =0,
y Y ’

J(d“)“‘D(?)EJ(?):O, A,B=1,....,d+1), I;=d+2,...,D, (19)
y v

for yA =v4 (A <d), y**' =1, y™*! =o' (I > 2). These branch points are determined by
the d + 1 equation,

W', v 1,6)=0, a=1,...,d, (20)
and

¢d+1(v1,...,vd,t,6)EJ<%>:0. (1)

Now, we denote one of the zero points as (t*, p;). Let us explore what happens to CS
p-branes. In Duan’s topological current theory, there are usually two kinds of branch points,
the limit points and bifurcation points [50], satisfying

J! (9) #0, (22)
Y7 @ p)
and
J! <?> =0, (23)
Y7 @, p)
respectively.
3.1 Branch Process at the Limit Point
If the Jacobian
J! (9) #0, (24)
SVAIGNY

we can use the Jacobian J ! (%) instead of J (%) for the purpose of using the implicit function
theorem. This means we will replace the time-like variable ¢ by v'. Then we have a unique
solution of (20) in the neighborhood of the limit point (¢*, p;)

t=1(",5), V=0, 5), i=23,....d, (25)

with t* =¢( pil ,0). We call the critical point (t*, p;) the limit point. In the present case, we
know that

dv! I
E = 7 (; = 00, (26)
(NI ACDN P
ie.,
ﬂ =0. 27
do!
Vo lex, po)
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Then the Taylor expansion of t = ¢(v') at the limit point (¢*, p;) is

1 d*t
T2 (dv)?

*

@'—=pH?, (28)
*,pi)

which is a parabola in v! — ¢ plane. From (28) we can obtain two solutions vll (t,0) and
vé (¢, o), which give two branch solutions (world lines of CS p-branes). If

d*t

(t*,pi)

‘We have the branch solutions for ¢ > ¢*; otherwise, we have the branch solutions for ¢ < *.
These two cases are related to the origin and annihilation of CS p-branes.

3.2 Branch Process at the Bifurcation Point

In this section we have the restrictions of (23) at the bifurcation points (t*, p;),

), )
v (t*,p;i) y

which lead to an important fact that the function relationship between 7 and v' is not unique
in the neighborhood of the bifurcation point (¢*, p;). In our dynamic form of current, we
have

=0, (30)

(%, pi)

)

— Y
(t*, pi) ‘,(%)

which under (30) directly shows that the direction of the integral curve of (31) is indefinite
at (t*, p;). That is why the very point (¢*, p;) is called a bifurcation point.

Assume that the bifurcation point (¢*, p;) has been found from (30). We know that, at the
bifurcation point, the rank of the Jacobian matrix [g—‘i’] is less than d. In order to derive the

dv!
dt

3D

(t*, pi)

calculating method, we consider the rank of the Jacobian matrix [%] is d — 1. Suppose

R

o | BB e
JI(_>: . . . . (32)

v : : - :

;171 3171 ¢le71

and its determinant det J (%) does not vanish at the point (%, p;), where ¢ stands for (g%)
(a=1,...,d —1; A=2,...,d). The implicit function theorem implies that there exists
one and only one system of function relationships

UA:fA(Ul’[,O’27,..’0’k)’ A=2273,...,D, (33)
with the partial derivatives

v dvt
o A= A=23,....D. (34)
ov! !

A_
= o7
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Then, fora=1,...,d — 1 we have
' =9 (v', fP (", 1,0), ..., f'(v',1,0),1,6) =0, (35)

which gives

d

a¢d A 8¢ll
Yogoali=—5 5 a=l..d-1, (36)
A=2
4 9ge 3¢
ZauAf'A=_¥’ a=1,...,d—1, (37)
A=2

from which we can calculate the first order derivatives of f4: flA and f*. Denoting the
second order partial derivatives as

924 %4 0204
M= s fii = —=> == (38)
(dvh) av'lot (91)
and differentiating (36) with respect to v! and ¢, respectively, we obtain
d d d
D odafi=- Z{zmﬁ* + Z(¢ng13)flA] —¢f., a=12,...d-1 (39
A=2 A=2 B=2

d d d
Y oS = —Z{mﬁ + o S+ Z(qbigff’)f{‘} —¢f, a=12,....d—1,
A=2

A=2 B=2
(40)
d d d

oSt == [2¢Z,f/* + szBﬁB)ﬁA] —¢, a=12,...d~-1, (41)

A=2 A=2 B=2

where
82 a 32 a

y 2 ¢ = 2 (42)

AB T duAguB’ dvAdr
The differentiation of (36) with respect to v' gives the same expression as (40). If we use
the Gaussian elimination method to the three vectors at the right-hand sides of the formulas
(39), (40), and (41), we can get the three partial derivatives fj}, f{i, and f. Notice that (39),
(40), and (41) have the same coefficient matrix J; (%), which are assumed to be nonzero, and
we should substitute the values of the partial derivatives flA and £ into the right-hand sides
of the three equations.

Here we must note that the above discussions do not relate to the last component
¢’ (', ..., v%,t,5). With the aim of finding the different directions of all branch curves
at the bifurcation point, let us investigate the Taylor expansion of

Ft,v',0)=¢"(t,v", f*t,v",0), ..., f(t,v'",0),0), (43)
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which must vanish at the bifurcation point, i.e.,
F(t*, pi)=0. (44)
From (43), the first-order partial derivatives of F(t,v', ) is
IF d : d A IF d : d rA
D D VA~ SR DT (45)
A=2 A=2

On the other hand, making use of (36), (37), (45), and Cramer’s rule [38], it is not difficult
to prove that the first equation of (30) can be rewritten as

oF
J<£> = —ldetJ1<?> =0. (46)
v ey OV U/ N py)
Since
¢
detJi| — #0 47
EVAIGE™S
which is our assumption, the above equation gives
oF =0 (48)
av! *,pi) ‘
With the same reasons, we can prove that
oF
— =0. 49)
I | iy

The second-order partial derivatives of the function F(¢, vl, ) are easily found to be

82F d [ d
o =+ o208 A+ oafh + Y @A | (50)
A=2L B=2
82F d -l d A d rA d rA - i B A
arov! =¢1t+2 Piali” TS +Ou S +Z(¢fwft VAT 5D
A=2L B=2
azF 3 40 d A A J d B A
S =0n 2| 200 SN GRS+ Y@L, (52)
A=2L B=2
which at (¢*, p;) are denoted by
0°F ’F 0°F
SO ey P 0y, T @,
VI e p) Ve pn (t*.p)

According to the Duan’s topological current theory, the Taylor expansion of the solution of
F(t,v',5) in the neighborhood of the bifurcation point can generally be denoted as

A@' — pH*+2BO' — pH(t —1t*) + C(t —1%)* =0, (54)
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which leads to

dv'\? dv'
A I +2B I +C=0 (55)
and
dr \? di

where A, B, and C are three constants. The solutions of (55) or (56) give different directions
of the branch curves at the bifurcation point. There are four possible cases, which show the
physical meanings of the bifurcation points.

Case 1 (A#0) For A =4(B>— AC) > 0 from (55) we get two different directions of CS
p-branes

dv! _ —B+/BT-AC

I 2 (57)

(t*, pi)

It is the intersection of two CS p-branes with different directions at the bifurcation point,
which means that two CS p-branes meet and then depart from each other at the bifurcation
point.

Case 2 (A #0) For A =4(B>— AC) =0 from (55) we obtain only one direction of CS
p-branes

dv! _—B

I " (58)

(7%, pi)
which includes three important situations: (a) One CS p-brane splits into two CS p-branes
at the bifurcation point. (b) Two CS p-branes merge into one CS p-brane at the bifurcation
point. (¢c) Two CS p-branes tangentially encounter at the bifurcation point.

Case3(A=0,C#0) ForA =4(B? - AC) =0, we have

2B (59)

C -

dt| —B+JvB —AC _|o.
dv'|,, C N

There are two important cases: (a) Three CS p-branes merge into one CS p-brane at the
bifurcation point. (b) One CS p-brane resolves into three CS p-branes at the bifurcation
point.

Case 4 (A =C =0) Equations (55) and (56) give respectively

dv! dt
— = — =0. 6
dt o dv! 0 (60)

This case is similar to Case 3.
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3.3 The Bifurcation of CS p-Branes at a Higher Degenerate Point

In the preceding section we studied the case that the rank of the Jacobian matrix [%] of (21)
is d — 1. In this section, we investigate the case that the rank of the Jacobian matrix is d — 2
(for the case that the rank of the Jacobian matrix [3—?] is lower than d — 2, the discussion is
the same way). Let the (d — 2) x (d — 2) submatrix Jz(%) of the Jacobian matrix [%] be

N
P o ¢ $
J (—) =| . . . . (61)
v : : - :
;1—2 31—2 o ¢j_2

and suppose that det Jz(%) [+, py 7 0. With the same seasons of obtaining (33), we can have
the function relations

v = A v 5), A=3,4,....d. (62)

In order to determine the values of the first and second order partial derivatives with
respect to ¢, v! and v?, one can substitute the relationship (62) into the last two equations of
the system (20). Then, we get

Fi(t,v' 07, 6) = ¢! (1,0, 0%, 7,0, 0%, 6),..., fUt, 0107, 6),6) =0,
(63)
B0, v%,6) = ¢4 (r, 0" 02, 31,0, 02, 0), ..., fit, v v, 6),6) =0.

For calculating the partial derivatives of the function F; and F, with respect to , v! and v?,
one can take notice of (62) and use six similar expressions to (48), i.e.,

F; o JF; o OF;

o1 FI |, =0 J=L2 6

(t*,pi) (t*,pi) (t*,pi)

So the Taylor expansions of F; and F, can be written in the neighborhood of (t*, p;) by

Fi(t,v',0%,8) = Aj(v' — p))* + Ap' — p)(0* — p})
+ Ajt =t = pH)+ Aju* = p): 4+ A — pH(t — %)
+ Ajs(t —1*)> =0, (65)
where j =1, 2.

Dividing (65) by (t — t*)? and taking the limit + — ¢*, one obtains the two quadratic

. dv! dv?
equations of G and s

A dv! 2—|—A dvldv2+A dv1+A dv? 2+A dv2+A —0 66)
M\ dr 2 dr dt B T T 6=
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o . 1 . 2
and further, eliminating the variable ddil, one has the equation of ddil in the form of a deter-
minant

Ale ApQ+Axn AuQ’+Ais0+ A 0
0 Ay, ApQ+ Ay AuQ*+AisQ+ A 0 67)
Ay AnQ+Ax AyuQ*+ A»Q+ A 0 o
0 Ay AnQ+ Ay Ay Q4+ Axs Q + Axg
with the variable v = %, which is a four-order equation of %
dv? 4+ dv? 3+ dv? 2+ dv? + 0 68)
a| — a| — a| — as| — as=0.
"\ ar \ar \ar \ar >

Hence, different directions of the branch curves at the second-order degenerate point is struc-
tured. The largest number of different branch curves is four. If the degree of the degeneracy
of the matrix [g—f] is higher, i.e., the rank of the matrix [g—f] is lower than the present (d — 2)
case, then the procedure of deduction will be more complicated. In general supposing the
rank of the matrix [%] is (d — s), the number of possible different directions of the branch
curves is 2° at most.

Furthermore, since the topological current is a conserved current, the sum of the topo-
logical charges of these final CS p-branes must be equal to that of the original CS p-branes
at the bifurcation point [38], i.e.,

> B =Y B, (69)
i f

for fixed /. Furthermore, from the above studies, we see that the generation, annihilation, and
bifurcation of CS p-branes are not gradually changed, but suddenly changed at the critical
points.

4 Conclusion

Our conclusions can be summarized as follows: First, we give a review of the topologi-
cal quantization of CS p-branes and point out that the topological charges are the Winding
numbers which determined by the Brouwer degrees of the ¢-mapping. Second, we inves-
tigate the branch process of CS p-branes at the limit points, bifurcation points and higher
degenerated points systematically by virtue of Duan’s topological current theory and the
implicit function theorem. Third, we see that the generation, annihilation, and bifurcation of
CS p-branes are not gradually changed, but suddenly changed at the critical points. Finally,
we would like to point out that all the results in this paper have been obtained only from the
viewpoint of topology. All of above derivations are not referred to any special solutions of
CS p-brane (the exact analytical expression of vector field (Z which supports the existence
of CS p-branes.), therefore our results are general in the theory of CS p-brane and can be
used to any solutions of CS p-branes.
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